A microscopic theory for reaction-difusion (R-D) processes is developed from Einstein's master equation including a reactive term. The mean field formulation leads to a generalized R-D equation for the -th order annihilation reaction A + A + A + + A → 0, and the steady state solutions exhibit long range power law behavior showing the relative dominance of sub-diffusion over reaction effects in constrained systems, or conversely short range concentration distribution with finite support describing situations where diffusion is slow and extinction is fast. We apply the theory to analyze experimental data for morphogen gradient formation in the wing disc of the Drosophila embryo. 05.40.Fb, 05.70.Ln, 
Motivation
When diffusion and reaction are coupled, these processes are described phenomenologically by reaction-diffusion (R-D) equations. For instance, the evanescence process (A → 0) of suspended particles diffusing in a non-reactive medium the concentration of species A, ( ; ), is described by the classical R-D equation Nevertheless while many systems observed in nature seem to be logically described in terms of a reaction-diffusion formulation, quite often non-classical distributions are found: the steady state spatial distributions are nonexponential. This happens when the particles encounter obstacles or are retarded in their diffusive motion, or because the reactive process is hindered or enhanced by concentration effects. Such situations are ubiquitous in chemical, rheological, biological, ... systems -a typical example being the diffusion and degradation of a morphogen in cells during the early developing stage [1] -and are certainly as commonly observed as those that can be described by the idealized R-D system of Eq.(1). This is why approaches to a more general description of R-D phenomena have been proposed, and recent developments in this direction [2, 3] are based (i) on a generalization of the diffusive mechanism accounting for time delay effects or obstacles hindrance using the continuous time random walk (CTRW) model and corresponding to a fractional Fokker-Planck equation (FFP) or the fractional Brownian motion (FBM), and (ii) on a space and time dependence of the reaction rate ( → ( ; )). However the resulting expressions for the steady state distribution have so far been subject to controversial comments expressing that "CTRW theory is compatible with available experiment" [4] and "that fractional Brownian motion is the underlying process" [5] or that "experimental results cannot be explained by a continuous time random walk" [6] and "exclude fractional Brownian motion as a valid description" [7] . So one faces rather inconclusive interpretations.
Here an alternative approach is developed based on a microscopic theory generalizing Einstein's master equation with a reactive term.
Generalized master equation
Consider a diffusive process where particles move on a one-dimensional lattice hopping to the nearest neighboring site (left or right) in one time step, and can also be annihilated by a some reactive process as described by the discrete equation
where the Boolean variable * ( ; ) = {0 1} denotes the occupation at time of the site located at position and ξ ± is a Boolean random variable controlling the particle jump between neighboring sites (ξ + + ξ − = 1), while ξ R is the reactive Boolean operator controling particle annihilation. The mean field description follows by ensemble averaging Eq. (2) with * ( ; ) = ( ; ), ξ ± = P , and ξ R = R , where is an index for the position; using statistical independence of the ξ's and * , and extending the possible jump steps over the whole lattice, we obtain ( ; +δ ) = +∞ =−∞ P ( − δ ; ) ( − δ ; ) − R ( ; ) ( ; ) (3) where P ( − δ ) denotes the probability of a jump of sites from site − δ , and R ( ) the annihilation probability at site ; the number density is ( ; ) so that ( ; ) is the expected number of particles to find in
Note that if the system contains multiple components, then a useful concept is the concentration. For example, if there are two components and one of which is the solvent and the other the solute, then the solute concentration would be ( ) = ( )/( ( ) + ( )), where ( ) is the local number density for the solvent. In the common case that the solvent is uniform and stationary, ( ) = , and that the solute is relatively dilute, ( ), one has, to first approximation, ( ) = ( )/ , which is the quantity used here. We take into account the configurational complexity of the reactive medium by allowing for the possibility that both the jump probabilities and the reaction probability are modified by interaction between the particles. This is modeled by writing P ( − δ ; ) = F [ ( − δ ; )], with = 0 and R ( ; ) = R G [ ( ; )] giving the Generalized Master Equation
Note that in order to retain the probability nature of the functions, we must have 0
Generalized reaction-diffusion equation
Considering the diffusive process alone, it was shown [8] that the generalized diffusion equation that follows from Eq. (4) (without the second term on the r.h.s) is
with the compact notation ( ) = ( ) = ( ) = ( ) . Here C = δ δ is the advection speed and
is the diffusion coefficient. In [8] it was also shown that the existence of a scaling solution
in which case the scaling exponent is γ = 2 2+η ; since the jump probabilities P = F [ ] must be ≤ 1, one must have η > 0, that is γ < 1, which is the signature of sub-diffusion 1 . We now combine the description of sub-diffusion (with no drift, i.e. C = 0 in (5)) with reactive processes. We proceed along the lines of derivation of the generalized diffusion equation given in [8] . Performing a multiple scale expansion up to second order, we obtain the general form of the reaction-diffusion (R-D) equation (with no drift and with reaction rate = R 1 δ ):
As for the generalized diffusion equation [8] , we ask under which conditions there is a scaling solution to equation (6) of the form (
ing the time and space derivatives in terms of , Eq. (6) can be written as
The time-dependence on the right can only be eliminated if F ( ) and G( ) have a functional power law form:
, for some numbers α ≥ 1 and ≥ 1 ; hence we must have
, and 1
Thus, according to scaling consistency the exponents should be such that = α + 2. When α > 1, we have anomalous diffusion:
(and more generally ∼ α+1
), and the reaction term goes like ∼ − φ . More explicitly, using in (7) the reduced variable
we obtain the scaled equation
which is rewritten in terms of the original variables ( and ) to give the generalized reaction-diffusion equation
1 For η = 0, one has γ = 1, i.e. classical diffusion. The case of super-diffusion will be presented elsewhere.
Steady-state distributions
We explore Eq. (11) as a natural extension of the description of generalized diffusion including extinction without restriction to scaling solutions thus allowing for arbitrary exponents α ≥ 1 and > 0. Furthermore we define the boundary condition so as to control the rate at which particles are injected. So we set
as the boundary condition of interest and, under this condition, we seek a steady state solution of (11), i.e.
With the change of variables
the steady state equation has the simple form
which is integrated to give
A second integration then gives the implicit solution
or, upon rearrangement, Since we are interested in the circumstance that the injection rate is positive we must take the lower sign so 
There are two cases that must be distinguished depending on whether > α or α > . In the first case the solution has infinite support and is a simple algebraic decay ). Hence, making large or α small leads to infinite support: diffusion is fast, extinction is slow. The converse, making small or α large leads to finite support because diffusion is slow and extinction is fast. The resulting steady state profiles are compared in Fig. 1 .
Comparison to simulation and experiment

Numerical solution of master equation
We have performed numerical computation of the master equation (4) in order to verify three aspects of this theory: first, that the non-linear dynamics eventually leads to a steady state; second, that the steady state is independent of the initial conditions and third, that our analytic, continuum result is a good representation of the steady state. We do indeed find that at long times the system settles into a steady state that is well-described by the analytic results, (22) and (23). To test that the sensitivity of the steady state to the boundary conditions, the calculations were repeated with a boundary condition of fixed value of the concentration at = 0. The result for the case of finite support is shown in Fig. 2 where it is seen that the system reaches a steady state and that the steady state is that of the continuum theory. Similar results were found for the case of infinite support. In all cases we obtained good agreement between the continuum approximation and the discrete microscopic dynamics and evidence that the steady state is unique.
Comparison to experiment
As an application of the theory we compare our analytical solution for the steady state with experimental results obtained from measurements performed in the Drosophila wing disc where morphogens are produced by a subset of cells wherefrom they diffuse and are degraded thereby forming a concentration gradient whose profile shape appears crucial for subsequent cell specification [10] . This situation corresponds to the reaction-diffusion theory presented in the present article. Experimental results given in [11] present the intensity signal of the Wg morphogen as a function of distance from the source obtained by image processing showing the profile of the diffusing protein in selected regions of the Drosophila wing disc. We processed the signal images to obtain the data shown in Fig.  3 where they are compared to our analytical results. We find that the sub-diffusive nonlinear reactive steady state profile (22) with infinite support reproduces very well the experimental data indicating slow degradation combined with extended sub-diffusion and we observe that an expo-
does not fit the experimental data (see Fig. 3 ) thereby excluding exponential decay of the morphogen. It should be noted that the agreement between the data and the theory is a convincing indication that the observed profile is a consequence of sub-diffusion combined with the nonlinear reactive process, inferring that the exponent α should be greater than 1 as expected from the scaling for sub-diffusion. However because α and appear as a combination in the solution for the gradient profile, only their relative values are obtained ( > α); the evaluation of their specific quantitative value would require an additional set of data.
Comments
We discussed the sensitivity of the steady state versus changes in the input flux and we found that profiles with infinite support show minimal sensitivity, and such profiles with infinite support were shown to correspond to experimental observations. On the other hand we showed that profiles with finite support should exhibit stronger sensitivity to input flux changes, and it seems that profiles with finite support have not been observed in morphogen gradient formation. This observation may suggest that extreme sensitivity excludes this type of profile in natural morphogen gradient formation because degradation is too fast with respect to diffusion in order to establish the necessary gradient for subsequent cell differentiation. in [11] from the fluorescence intensity of the Wg protein (vertical axis; normalized values) versus distance (in a.u.; horizontal axis) measured from the anterior-posterior axis along the dorsoventral direction in the posterior compartment of the Drosophila wild-type wing disc [11] . The black curve is the best-fit of the theoretical steady state (22) with − α 3 8. For comparison the dashed curve shows the best-fit exponential profile.
